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CORRELATION PROCESSES IN ANTENNA ARRAYS 


1. INTRODUCTION 

The desizn of an antenna array whose performance must 
be optimized in some specific sense (maximum signal to noíse 
ratio in the output circuit, minimum antenna pattern beamwidth, 
etc.) when tre array is to receive a signal buried in a general 
noisy mediu can be accomplished through noise theory con- 
siderations and correlation techniques. These statistical 
methods can be applied to two general types of multi-element 
antenna arrays. First, there is the normal linear array in 
which the output circuit contains the sum of the voltages in- 
duced on the individual elements. Analysis of the noise volt- 
ages in terms of their correlation coefficients will lead to 
a specification of element spacing which will optimize the 
antenna performance. Second, there is the newer nonlinear 
array in which both multiplication and sumnation processes 
may be used in combining the individual element voltages to 
form a single array output voltage. This type of array re- 
sults from an attempt to implement the definition of the cor- 
relation coefficient by physical circuitry, and can be ex- 
tensively analyzed by methods of statistical noise theory. 


Correlation techniques have been introduced into the 


L 
analysis of the linear array primarily by acoustical engineers” 
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References are listed at the end of this report. 
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The manner in which the correlation coefficient enters into a 
consideration of this general type of array can be seen from 
the simple example of the two-element linear array. A random 
noise source will induce a voltage on one element which will 
be identical to that induced on the other element except for 
a time delay caused by the time of travel of the wavefront 
between elements. If e,(t) and e; (t) represent the instan- 
taneous voltages on the two elements, then the average power 


in the output circuit cf the array becomes: 
Le w Z 
e“ = [e] (t,) + esít,)] 


= el(t))2 + e2(to)2 + 2 e1 (t4 Jes (t5) 


DUE A RL 
= e, (t,) + e, (t,) + 2 Ry» (t,-t,) 


where R, CR. is the cross-correlation coefficient. 


The cross-correlation coefficient will, in general, take 
on both positive and negative values as Y is varied. Thus 
it should be possible to select an element spacing which will 
minimize the average noise power, e^. This rather simple idea 
can be applied to multi-element linear arrays -- the output 
voltage is expressed as the sum of noise power contributions 
of each element plus the cross correlation coefficients of all 
pairs of elements in the array. This total average noise 
power is then minimized by proper spacing of the antenna 


elements. 


Some previous results in this applícation of correlation 
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techniques to linear arrays are presented in Appendix I, to- 
zether with a general methodology for applying these principles 
to the types of antennas useful in electromagnetic radiation. 
The main body of this report will be concerned with 
the analysis of the second type of array--the array which 
utilizes multiplicative processes in combining the individual 
element voltages to form the single array output voltage. The 
initial section will be concerned with a review of antenna 
response patterns which result from these nonlinear processes 
in the antenna circuitry.  Succeeding sections will discuss 
the effects of distributed noise, of multiple signal sources, 
and of a variable averaging time on the output voltage. Finally 
the results of these analyses will be utilized to reach general 
conclusion; about the type of nonlinear antenna which vill give 
optimum performance, and examples of these antennas will be 


Geveloped. 








II. ANTENNA PATTERNS OF NONLINEAR ARRAYS 


A. General 


The principle oí multiplying together the output volt- 
ages from two antennas is well known; its applications in- 
clude, for example, radio astronomy. Several papers +4» have 
discussed some aspects of the subject, but no treatment appears 
to have been made of the problem of development of nonlinear 
arrays intended to detect a signal buried in a medium of ran- 
domly varying noise sources or a signal partially hidden by 
other undesired signals. 

Before discussing the types of antenna directional pat- 
terns resulting from the use of nonlinear processes in the 
antenna circuitry, it would be best to define the general type 
of antenna array which vill be employed and to establish the 
general description of the randomly varying noise and signal 
sources. 

To remain completely general, it will be assumed that 
the noise and signal voltages will be applied to the M elements 
of a receiving array, and that these elements are connected 
to individual amplifiers (Aj, Az, - - - ¿Ay? and phase shifters 
(01, Jo, - - -, $y). The output of each antenna-amplifier- 
phase shifter circuit is connected to a combining network 
which will operate on the individual element voltages to pro- 


vide an optimum output voltage from the total array. 
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COMBINING NETWORK 


The combining network will consist of various summation 
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| - 


and multiplication circuits. For practical effectiveness time 
averaging will be required in this network. The combination 
of multiplication and time averaging then satisfies the defi- 
nition of the correlation function: 

б T 

R jT) = lim — J n, (t) n, (t +) dt. 

In considering practical networks that can be used to 
carry out this correlation process, two general variables arise: 
(1) possible combinations of the multiplication and averaging 
circuits, and (2) restriction of time averaging to a finite 
time interval. Both of these will be considered in subsequent 
sections, and will form the basis for the final statement of 
the optimum type of nonlinear array. 

For this analysis assume that the noise sources are 
spherically distributed and are statistically independent. 

The voltage produced on an isotropic antenna by the noise 
originating in an element of solid angle dXL can be repre- 


sented by the usual Fourier ie 


COD 
sie is D  [a, cos(2m&t) * b sin Qwfyt) ] 
k=0 











where 
сы T-El amani 5. for m é n 
— T-EA bdo y = 0, for m Z n 
a. 


it 


lim "Els, 7{ = 2 W(£,) 


lim TE fa, ^ lim 


Lee 
In this representation, the coefficients a, and b. are dis- 
tributed normally with means zero; E is the expectation 
operator, and W(f) is the (two-sided) power spectral density 
of the voltage induced on the antenna elements by the source. 
It should be noted that the inherent frequency response of the 
antenna elements and amplifier circuits will lead to the 
familiar narrow-band gaussian random process. 

The directivity pattern of the antenna array will be 
defined to be the voltage response at the output of the an- 
tenna array for an arbitrary angular location, 9, of a single 
signal source; for simplicity this will be the two-dimensional 


pattern, 


LINE cF ARRAY 


B. Monochromatic Signals. 


The antenna directivity patterns which result when 








individual element voltages induced by a single monochromatic 
source (negligible noise) are correlated have been investigated 
by several her” In general, the procedure has been 
to recall the directivity patterns of linear additive arrays 
and then to demonstrate product arrays which will give equiva- 
lent directivity patterns. 

The directivity patterns for linear arrays with constant 
element spacing, d, can be expressed by one of two series, de- 
pending on an odd or an even number of elements in the array. 

1. For an array of 2n*l elements, the sum pattern is 


given by 
n 


Pon+1 $) A A, Cos 2ku 


k=0 


where u = (wd/a ) sin g. The array is assumed to be sym- 


metrical with respect to its center element, A (A, = A 5 


0” 
Pon+1 (8) is the amplitude gain given by the array to an input 
signal Eg sin (eG t**^). The center of the array is the phase 


reference, 


2. A linear array of 2n elements and constant spacing, 


d, has a sum pattern 


n 
Р, (4) DA B. cos(2k - 1)u 
k=1 


Again symmetry is assumed, so 3, is the common amplification 


of the two elements which have distance (k - 2) d from the 








array center. 

Berman and Clay have described an array in which pairs 
of signals are multiplied together and then time averaged. 
The output voltage is formed by multiplying together all of 
the resulting time averages. With this procedure, an array 
of n + 1 elements, with successive elements spaced D, 2D, 4D, 
ил... 20- Ер from the first element, has a directivity pattern 
equivalent to that of a 2" element additive array with constant 
element spacing 2D. In this case the product array is about 
one-fourth the length of the equivalent linear array. Such a 


product array witn four elements could be represented as 





4 T 
l 
V Of lime JF ( coswt cos(wt-wt,) dt 


4 
“R oc r1 COS wt. 


With proper spacing of the elements, this pattern is the same 


as that of an eight-element linear array. 








A second possible product array carrles out all desired 
multiplications before finally time averaging the product. 
Analysis of the directivity pattern in this case shows a smaller 
saving in overall length over the equivalent linear array than 
was the case in the first product array discussed. Again a 


four-element example is 





T A 
1 
V oc lim (w) t - T 
out TT ) | cos (e t -w )dt. 
T=3 00 li 
-T i=1 


With proper spacing of the elements, this pattern is the same 
as that of a six-element linear array. 

It is also possible to start with two elements and to 
process the element voltages to get directional patterns which 


are equivalent to those of odd or even element additive arrays. 


€ 














10. 


Voltage induced on element #1 SEIL A 

Voltage induced on element #2 sin[w t - (te sing) +£ 

Output of multiplier Y = sin(wt +Y sin fas -.( sing) +4] 
ı 

After averaging “Y « 5 cos as sin $) 


L Wd 1 
And, letting d = 2s, Y = 5 cos CK” sin @) = > cos u 


Brown and Rowlands have shown how to use this function 


to synthesize a directivity pattern. Using the relation 
T (cos u) = cos mu neo, 1, AMAN 


where T (x) is the Chebyshev polynomial of the first kind, every 
term in the cosine series of the desired directivity pattern 

can be synthesized bv a suitable combination of power law de- 
vices operating on the output of the two-element correlation 
pair. Arithmetically, two elements can thus be made to give 

a directivity pattern equivalent to that of a linear additive 
array of any arbitrary length. In practice, noise consider- 
ations, ignored in these pattern calculations, and the presence 
of more than one signal source would limit the length of the 
equivalent linear array which could be synthesized. These 


points will be considered in more detail in a later section. 


G. Bandelimited Random Signals, General Case 
As with the monochromatic signals, the basic unit in 


the study of correlation of band-limited random signals is the 
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two-element array. In this case the signal can be described 
only in statistical terms, and statistical methods can be 
utilized to describe the performance of the system. As be- 
fore, noise will be neglected in initial considerations and 
will enter in a later section. Correlation in guch a two- 
element array is directly analogous to the operation of cor- 
relation detectors, which have been described in the litera- 
ture.9 Performance of correlation detectors, however, is 
usually studied in terms not directly applicable to the des- 


cription of the characteristics of antenna arrays. 


Le xc hG) , CC) 
HG») 
De AVG. ZE  ourPuT 
20% C(t) | gcc Va (t) 
(мә) 


We assume that the voltages induced on the antenna elements 
are statlonary and ergodic random functlons of time with nor- 
mal distributions and are confined to 2R B, a closed interval 
inw. The amplifiers are linear, time-invariant networks with 
system functions H(w) = Ip to )| Jmm and G(w ) [ewet 7 
Fourier transformable into the impulse responses h(t) and g(t). 
For each set of the ensemble of signal functions, the 

Fourier expansion is: 

N 

xj (t) -> a; cos (w; * * di) 
i=1 








i a 5 


12. 
N 


x5(t) = > b. cos (uo, * + 


i=1 


where 
| = 
L a,» b; are Raylelgh distributed with a, = 24, (£,) $f 
ə 
and b, = 2W,(f,)8£, with W(f,) as the power density over a 
frequency interval f centered at E 


2. ¢.,W. have uniform distributions over (0, 2#); 
L £ 


3. @ is the lower edge of the band of width B cps, and 


0 
@, =@, 28i/T;i- 1, ..., Ы. 
Then 
N 
= t 
y (t) ? a; hj cos(a +g; +n) 
1=1 
N 
e > b et, +y 
izl 


After multiplication 


N N 
Y(t) = y (t)y,Ct) 23 2 UN A zı + 


i=l j=l 


q OH, int 


"Jua Ud — 
The first cosine term describes a band of frequencies centered 
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at twice the mid-frequency of the band-limited signal, and the 
second cosine term describes the dc and low frequency component 
of the output voltage. 


After averaging: 


00 
We) ^ \ ab gh cos(¢ - +9 - Y )dw. 
0 
Now in this antenna case x. (t) = x, (t) vi? : So 
p bi and v. = d. vele . And if the amplifiers are assumed 


to have identical phase functions and constant amplitude func- 


tions, the output is 


00 
Y(t) = (G H) \ ww) coswT dw = (GH) R(T). 
0 


of the correlation function. For this normally distributed 


signal with a rectangular frequency function (center frequency 


£.) 


YC) - (cung S" T cos 2 Y 
"BU 0 


The obvious advantage to specifying amplifiers vith 
identical phase functions and constant amplitude functions is 
that this leads directly to a statement of the output of the 
system in terms of the correlation function of the input band- 


limited signal. A signal vhich is normally distributed over 
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the pass band of the amplifiers can be analyzed most simply 
through its characteristic function. As a result of these two 
statements, the performance of correlation arrays with more 
elements can be determined in a direct manner. 

Before considering more elements, however, it is useful 
to point out the self noise or fluctuation component of the 
output voltage of the multiplier in the simple two-element cor- 
relator. For a normally distributed signal source located in 
the principal lobe of the two-element array (T= 0), the out- 
put of the multiplier has a Chi-square distribution whose mean 
value is the desired array output voltage, and whose ac com- 
ponent is the self noise which must be minimized by time 
averaging. For an arbitrarily located source it was shown pre- 
viously that the mean value is proportional to R(T), the cor- 
relation coefficient. The variance is proportional to 


[R(0)2 + R(T )*], or 


e” cR(U)” | 1 + R(O)* ] 
R(T)? 


This variance does not go to zero. Its value decreases by 1/2 
as the signal moves from the main lobe to a — where its 
mean value is zero. 

As an example of the calculations of directivity pat- 
terns of correlation arrays with a greater number of elements, 


consider a four-element array. 








2 


The desired output voltage is simply the expected value of the 


product of the four element voltages. 


Y(t) = MASA a ıı CC 


2 3 4 


And, since these are normally distributed band-limited voltages, 


this becomes 
Y(t) fr, env, cell, cerv,, ce) i cov, edv cov ce) * 


[v, cov, eJ | v, cov, c). 


ORT) RP) ART, RT) ART) RT), 


With a rectangular frequency function, each correlation co- 


efficient has the form 


inw BT 
J nB T uk. 
1j 


And with relative element spacing chosen to make d,, - D, 


12 


023 = D, and day = 2D, the mean output voltage can be put in a 
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form resembling the directivity pattern of a uniform linear 


array. 


L | sin BX sin 2BX _ sin 2BX sin 3BX 
(6) d 2 BX 2 BX M 2BX 3BX "TT FORE E) R 


a BX sin 2BX & c sin anx | eos 3(2£ X) d 


1 |sin BX sin 4BX , sin 2BX sin 3BX 
il BX ABX 28Х 3BX IE 3(2£9X) 


where X - (T D/c) sin d$. For a very narrow bandwidth the co- 
efficients of the cosine terms approach unity and the direc- 
tivity pattern of this correlation array (length 4D) is the 
same as that of a six-element uniform linear array (length 10D). 
As the bandwidth increases, these coefficients influence the 
amplitude of the sidelobe structure of the directivity pat- 
tern. This is shown in Fig. l for one basic spacing, D, and 
for two bandwidths. 

The assumption of a random signal source with a normal 
distribution permits a pattern analysis by the characteristic 


function method. The characteristic function is 


| K K 
F. (f ) d d m "Ölə 2 "Zeg exp [ 2) > 32] 


r-ls-1 


and the pattern will be given by the appropriate coefficient in 
the expansion of this function. For example, consider a simple 


three-element array. The directivity pattern will be given by 








BA 





vhere E İxlis the expectation operator. This will be the co- 
efficient of [ GPon . EPA i (35 3)/1) in the power 
series expansion of xpl(UDEE RT 1,7 


E TAAA c R(O)RCT,,) - ¿RETIRO 2) 


If we assume a rectangular frequency function and relative 


element spacings di - D, 423 = 3D, the directivity pattern 


can be written 


Vase e| Ege] сә әса о Јадаакадак Kr 


where X = (w D/c) sin €. 


The variance of the output voltage is a measure of the 
unvanted ac pover vhich must be reduced by time averaging, so 
this quantity must be knovn to complete the description of a 
correlation array. Just as in the calculation of the average 
output voltage, the variance can be determined by the charac- 
teristic function method, in this case by first finding 
E 4 cv, v,?v,)?] . This is the coefficient of 








l, 
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1 2 3 4 
Spacing «e p—x<— D—X«— 2p — x 20 
5: 34 ¿1/8 
6,/В = QD 
---- f,/B-2 


0 45 >0 75 90 


€ , in degrees 


FIG. 1 -- Normalized directivity pattern, four-element 
correlation array: 


a 
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/ 2 
[ G f£ 2. i (60620) /4. i (OË? /2.] in the same power 
series expansion. 


2 
O E R(O)* + 6 R(O)°R(T , D^ * 12RC0)? RC," 4 


12R(0) R(T 93) + 24R(t 12 FRC T E E 


The mean and the variance of this array voltage, each normalized 


to unity at (2£ X) = 0%, are shown in Fig. 2. 


D. Band-Limited Random Signals, Special Cases 


In the previous case no frequency restriction was im- 
posed on the multiplication circuitry. It is apparent that as 
the number of antenna elements increases this operation of mul- 
tiplication will impose frequency bandwidth requirements which 
may be difficult to meet. For each stage of multiplication 
added to the array circuitry, frequency requirements are 
doubled. 

As shown in the equations for the two element product 
array, the output voltage consists of a low frequency component 


and a component centered at 2f If this low frequency com- 


o: 
ponent of each product pair is selected by a low pass filter 
for use in subsequent stages of multiplication, the over-all 
frequency bandwidth requirements of the correlation circuits are 


kept within reasonable bounds. 


In this case the directivity pattern cannot be obtained 
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from the characteristic function out must be calculated from 
the lov frequency term of the equation for the two-elemen pro- 
duct pair. By rejecting the double frequency component some 
increase in the width of the directivity pattern must be ex- 
pected. It is also noted that the low frequency component is 
sensitive primarily to the spacing between the two elements of 
each pair. The spacing between different product pairs in the 
array influences the sidelobe level through the (sin nBx)/(nBx) 
coefficients. For example, consider the two-product-pair cor- 


relation array 








sin X..B sim X B sin X B in X..B 
12 34 sin ; : 
U a + cos (X,5tXa,)2fn + 
“| X128 X448 X, 4B “238 | "TON 


j B X A j B 
DS e, CS Za, Cd Bin ВЫ аси 
Pe” “xo ХВ Х22В 12 700 
12 — 14 zə 
with X;, = (wdi;/c) sin g. Since spacing between the pairs 
has only a secondary effect on the directivity pattern, this 
can be eliminated, giving two product pairs from three elements. 


The directivity pattern 
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is then given bv (with relative spacing D and 3D): 


sin XB sin 3XB 
ə mee cos ir 


sin XB, sin 3XB + sin 4XBloos 4(2£,x) 
XB 3XB LXB 0 | 


As a comparison of the directivity patterns which re- 


sult from the general correlation array utilizing all fre- 
quencies and from the low frequency correlation array, consider 


a four-element array under both conditions: 





With relative spacings d], = 4D, 423 = р, dah = 2D, the equations 


for the two cases are 


l. General case 


out ce[ñ cos 3(2£5X) * 4B cos 7 (2£ 5X) + C cos 5(2,Х) + 


2D cos 3(2fgX) + 2E cos (21091, 








2. Low frequency case 


Sege, oc LF cos 7(2£gX) + G cos 5(2ЕЈХ) + H cos 3(2fgX) + 


L cos (21,321 


In each case the coefficients A, B, .... are functions of (sin 
n XB)/(n XB) whose values are approximately unity for narrow 
band situations and become less then one only in wide-band cir- 
cuits. Assuming a value of unity for these coefficients, the 


directivity patterns for these two cases are shown in Fig. 3. 
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III. EFFECT OF PINTTE AVERAGING TIME 


The antenna directivity patterns in correlation arrays 
are exact only in the limit of infinite averaging time. In 
actual correlators this integration time would be a finite 
interval chosen as a compromise between the desired response 
of the system and the maximum time delay which can be tolerated. 
It becomes important, then, to investigate the system per- 
formance as a function of this integration time. 

Àn expression for the effect of an averaging device can 
be obtained from general filter considerations. If h(£)^1$ 
the effective weighting function of a linear measuring device, 
and x(t) is the function to be measured, a measurement M (T) 
made at time t - T after x(t) has been introduced at t = O can 


be expressed by the convolution 


T 
j (T) = \ h (u)x(T-u) du h(u) = 0,u< 0 
x 
0 


where (O,T) is the observation interval. M (T) will vary #£rom 
observation to observation, fluctuating about the expected 
value M CD with a variance ef = MT)? I”. 

In the general situation, x(t) is at least wide sense 


stationary, and 


ј T 
M. J = \ h(u) x(T-u) du 
0 
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TET 


2 
M (Т) = h(a) x(T-u)x(T-v) h(v) du dv 


OCC A 
o Qu À ull l 


TaT 


h (u) p. (u-v) h(v) du dv 


H 
S C s 
On 


where PL is tne correlation coefficient of the function to be 


measured. For an ideal intezrator h(u) = 1/T, O< u<T. And 


M (T) кг) 
тк Т 
2 2 B 
57 - e Y (i = 1) Ф. (ә) 45 
0 


This result was obtained by Davenport! 


in an early 
study of correlation detectors. However, his analysis was 
directed to a description of signal-to-noise ratio in these 
detectors, while the present investigation is concemed with 
placing confidence intervals around the expected value of the 
output voltage, so the methods of utilizing the information 
in these equations will differ. 

The information required for this statistical đescrip- 
tion of the output voltage will be the expected value and the 
autocorrelation coefficient of the input voltage to the time 
averager. The calculations will be discussed in some detail 


for the two-element array, and then the effect of more elements 


in the correlation array will be indicated. 
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If we consider the usual two-element array, an arbi- 
trarily located signal source induces a band-limited random 
signal V, Cc) on element #1 and V, Ct) > V (t +T) on element 
#2. Then, after multiplication 


Y(t) = V,(t)V,(t) = V (t)V, (c +) 


y(t) = у 
PCs) = Y(t)Y(t+s) = (277, (Сб УС 7, (2465) 


R(T)? + R (s)? + R(E s)R (%- 8) 

The last term of this expression for the autocorrelation 
coefficient cf the product voltage becomes rather awkward to 
handle in the equations for the integrator circuit. And as 
more elements are added to the array, the corresponding terms 
in their product equations increase the complexity of the 
calculations. Since the interest here is in the change in in- 
tegration time required as the number of elements in the 
correlation array increases, an approximation for the corela- 
tion coefficient will be used which will permit straightfor- 
ward calculation of the integration characteristics. 

If the signal source is located in the principal lobe 


(* » 0), the equations for the product voltage become 


WO = R, CO) 
Ys) = R(0)2 + 2R(s)” 


R(0)2(1 + Rei"? 
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where (0 (s) is the normalized autocorrelation coefficient; 
ə” Riso 55 Then for an arbitrarily located source, the 


approximate product voltage equations are 
Y(t) = RU 


Y (dr ÍA 9 2e(s)7) 
This approximation is good for positions near the principal 
lobe axis and falls for positions that make R(t) quite small 
(Ry (tT) =” 0). 
For the usual rectangular band-limited voltage, 


fis? = (sinwBs/wBs) cos 2wf¿s, and the equations for the 


ideal integrator are 


MCT) = Ry Ce) 
— 3 T 
2 2 | : 

M (T) = R(t) T (i - p(s cos ör os) ds 
T 

mT) = Re) ZN GQ - S) D+ sip? + 

Y V Y T ir 
0 


| 2 
Bn cos 2T(2f )s]ds 
TES 0 

The solution of this integral can be expressed in two parts, 
the first depending on the low frequency components of the 


product voltage, the second determined by the douHe frequency 


component. 
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2 2 2 2 
M = 
M, (CT) R 0) [1 + mif * ur 


Or, in terms of the variance at the output of the integrating 


с a 
2 
v^ RJ (mi * ni 

where 

2 ада 
m = 5. cos 28ВТ А. ат | 

L £ | —— g E + poi (2wBT) - — d 

(w BT) Le 


1 


2 ; | 
a < =(Si(2mBT) Si(2k"BT) , (k+1)Si(2k+2)wBT 
mi [an - nigga. sag e 


DT * 
o 
—. Sin“w BT 2. Cin (2s BT) 
+ COS*knBRT - = 
248 (BT)? 2 (& BT) 


DRM + Cin(2k*s)»BT , Cin(2k-s)wBT 
2 (m BT) 4 (x81)? ¿(mar)? 


where k = (4£4)/B, Si(x) is the sine integral, and Cin(x)= 
gie? dv. 
` The standard deviation of the voltage at the output 
of the integration clrcuit as a function of the integration 
time, T, is shown in Fig. 4. In the limit as T-—»0, the 


x 
the Chi-square distribution. For voltage samples observed 


variance is 2 a = mn”, as would be expected for 


without integration, a 95 per cent confidence interval on 


the output voltage extends from zero to 3.87 MO. As 
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integration time increases, the confidence interval becomes 
smaller, and observed voltage samples would cluster more and 
more closely about the expected value, M D. Figure 5 shows 
this narrowing of the 95 per cent confidence interval as 
integration time increases. 

It should be noted that the double frequency component 
of variance decays rapidly compared to the low frequency com- 
ponent. A correlator whose integration time is long compared 
to DE may still have an output voltage with an appreciable 
variation because of this low frequency variance. If the input 
circuits of the integrator rejected this double frequency 
component of the product voltage, the output voltage would fluc- 
tuate with only the low frequency component of variance. 
Regardless of this circuitry, however, the integration time 
that will be necessary to reduce the fluctuation will be very 
long compared to e and the double frequency component of 
variance can generally be completely neglected. 

Incidentally, this statistical description of the fluc- 
tuation of the output voltage of a two-element correlation 
array is the same as the statistical description of the signal 
power output of a linear additive array. The only difference 
would occur in the magnitude of the expected value, M TT). 
Knowing the variance of the linear array power fluctuation as 
a function of time, we can compare averaging time requirements 


of more complex correlation arrays with that of the familiar 


additive array. 
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The autocorrelation coefficient of the product voltage, 
Y(t), for general correlation arrays will be calculated in the 
same manner as for the two-element array. The expected value 
of the product voltage can be determined from the charcteristic 
function as in the preceding section. The autocorrelation 
coefficient of the product voltage for a source located on the 
main lobe: axis can also be determined by the charcteristic 
function mehod. This will be modified by inserting the ex- 
pected value of the arbitrarily located source, and the result- 
ing form wiil be used to approximate the actual autocorrela- 
tion coefficient. 

The expected value of product voltage is given in the 
following table for a few values of the number of elements, n. 

a uem 


2 R(T ) 
17 


4 R(T » RCT, ARCE R(T, ARE IRE) 
6 


6 > yr, G ME oh më no gp? o 


m,n,o,p,q*2 


The characteristic function for the product voltage is 
FCF 1,8, s) = Bfexp (if eif veni] 
R(O | 
| exp | d el KIT Ee RoS, S] | 


Then Y_(s) is the coefficient of Gf in . Gf, m. in 
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the power series expansion of ELE, f.. 5” 


n y (s) 
Tim YGY [1 + 2 e(s)2] u 
4 YG)^ [9 4 72 pls)? * 24 (s)") 
6 TJ" (225 + 4050 pp (s)” + 5400 p (s)° + 720p (s)*] 


Calculation of the variance, for the usual rectangular band- 


limited voltage, gives 


for two elements (and for signal = = Y(t) p 
power in linear array) Y BT 
for four elements .. Yt) -. 





for six elements e 5 Et) 


in all cases, BT >> 1 


This last table shows the general тәми between 
variance and number of elements in a correlation array. For 
any established level of fluctuation in the output voltage, a 
six-element correlation array will require an integration time 
15.5 times as long as is required for a linear array (or a two- 
element correlation array). In the previous section the direc- 
tivity pattern of a correlation array was found to be similar 
to that of a much longer linear array. Thus the correlation 


process in antennas is seen to be essentially one of trading 


space for time. 
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IV. RESOLUTION CHARACTERISTICS OF CORRELATION ARRAYS 


In describing the capability of a correlation array to 
resolve two similar signal sources separated by an angular dis- 
placement @, the directivity patterns developed in Section III 
cannot be applied directly. Since the correlation arrays de- 
pend on multiplicative operations, the presence of two sources 
Causes cross-product terms to appear. These terms then neces- 
Sitate additional calculations to determine resolution capa- 
bility. These calculations will be examined for correlation 
arrays in the bürcü of single frequency al and randomly 
varying sources. The correlation arrays will be found to have. 
resolution capabilities equivalent to those aE ongie linear 
arrays, if the sources to be resolved are independent; however, 
for coherent sources resolution may be possible only for cer- 
tain specific separations of the sources and not as a general 
rule. 

First, let us examine a four-element correlation array 


as developed in Section III. Assume there are two monochromatic 


sources, source A (Y, = À cos @@ y t) and source B (V, = cos et), 


separated by an angular displacement g°. The general expression 
for the voltage response of the array as a function of position 
of the sources is quite lengthy, and is developed in Appendix 
II. It is found to depend on the coherence of the sources. 

The two cases that occur can be summarized: 


1. For two coherent sources: 
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/ 


4 : 20 n / 
Yu œ A (cos X + cos 3X * cus 5X) * B*(cos Y * cos 3Y + cos 5Y) 


r y 3 2 20 3 
+A?B f cos(nX-mY), + A B f[cosí(nX-mY)] + AB f£[cos(nX-mY)] 
2. For two sources of slightly different frequencies: 


/ 
V a A (cos X + cos 3X + cos 5X) + B+ (cog Y + cos 3Y + cos 5Y) 


+A?B f [cos(nX-mY)» cosát]+ AB” £ Lcostag-ayl sab öt) 


2 
+A Keen eg, ep Št] + Q (nX-mY) ] 


where X = (wD/c) sin d, and Y = (wD/c) sin d. are the phase 


qelay factors for the two sources with element spacing D, and 
f[cos(nX-mY)] represents a number of cosine terms containing 
these phase delay factors, while f[ cos (nX-mY): cos $t] repre- 
gents A Bb. o£ these cosine terms modified by the beat fre- 
quency component, dt, between source A and source B. 

In both of these equations, the first two terms corres- 
pond to the voltage response pattern of a linear antenna array 
in the presence of two sources. The remaining terms arise from 
the nonlinearity of the correlation array. In the case of two 
sources with identical frequencies, the cross-product terms 
are constant with time and averaging the output voltage will 
not alter the result. When the sources have different fre- 
quencies, however, time averaging can be employed to reduce the 
beat frequency (cos $t) part of the cross-product terms; but 
even in this case the resulting voltage response pattern will 


not be precisely equivalent to that of the linear array, since 








29 


some of the cross-product terms will remain constant with time 
and will contribute to the dc component of the output voltage. 

The voltage response pattern of this four-element cor- 
relation array as the array is rotated past a pair of coherent 
signal sources separated by an angular displacement of 20° is 
shown in Fig. 6. In this case the cross-products result in an 
apparent indication of a single source located midway between 
the actual pair of sources. This four-element correlation array 
will resolve sources with an angular separation of 14° and with 
an angular separation of 28°, but a pair of sources whose angu- 
lar separation is in the range 09-13? or in the range 159-26? 
will not be resolved by the array. 

It should be noted that if the correlator contains only 
one stage of multiplication, then the cross-product terms oc- 
curring from two sources of different frequencies appear only | 
as beat frequency components. These terms describe a low fre- 
quency ac signal appearing with the desired dc measurement 
voltage. In this case the cross-product terms can be minimized 
by time averaging Re Oita voltage. However, if more than 
one stage of multiplication occurs between the antenna element 
and the output of the array (as is the case in the example of 
the four-element correlation array), the cross-product terms 
will occur as low frequency ac terms and sine as dc terms. In 
this case the equivalence between the correlation arrays and 
the linear arrays is not immediately apparent but must be 


determined by calculation of resolution characteristics for the 
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particular type of signal encountered. 

Assuming a basic spacing D= A/2, the four-element cor- 
relation array of length 4D will resolve two sources of slightly 
different frequencies at approximately 19.59. This is equi- 
valent to the resolution of a uniform linear array with an 
aperture of 9D, about twice as long. 

A slightly more complex example of a correlation array 


is one discussed by Drane:” 


AVG. 


The element on the left represents a uniform linear array with 
aperture 2a, while that on the right is a simple interferometer 
with aperture 2b. 

The directivity pattern of the uniform linear array is 
proportional to (sin X)/X, where X =w(a/c)sin d. Тһе direc- 
tivity pattern of the interferometer is proportional to cos Y, 
where Y -«(b/c)sin Z. If a=b and there is no spacing between 
the right end of the linear array and the left element of the 
interferometer, the directivity pattern of the correlation 


array is 


sin 4X 


V 
out 4X 


which is the same as the directivity pattern of a uniform linear 
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array of twice the length of this correlation array. 


However, if two coherent sources are present the output 








becomes 
sin ах, sin 4Х sin X.cos X cos X sin X 
Enc ue 4 — x cos (X, + X.) À + 
AX 4X 4X AX 
Á B A : 


The third term again occurs because of the nonlinearity of the 
correlator. Calculation of the resolution capability of this 
array shows that it is equivalent to a uniform linear array 
1-1/2 times as long as the correlation array. 

These have been only two examples of the effect of cross- 
product terms in a cotrelation array in the presence of mono- 
chromatic sources. In each case that might be considered, the 
effect of these terms would vary, depending on the types of 
signal voltages emitted by the sources and by the number of 
successive multiplicative processes in the correlator. 

When two statistically similar sources are inducing 
randomly varyíng voltages on the antenna elements, the reso- 
lution capabilities of the correlation array must be expressed 
in terms of integration times and confidence intervals.  Con- 
sider again the four-element correiation array and two inde- 
pendent sources (source A and “5. B). Then the expected 
value of the output voltage can be calculated either directly 
or by the characteristic function method and can be expressed 


in terms of the correlation coefficients of the individual 








4]. 
voltages. The voltage induced on the i-th element is 
1:7: 4 rt) 
and 


Y(t) = V (t)V (t)V.(t)V, (t = 


[(R, CT 21. RC, JR ( t. RACE ARA t, )] 


27 RíC d 


* [RgCt j RGCT 4,)* Ry Ct, )RgCT5,)* Ry Ct RC 54)] 
+ [R C TR Tag) ne EU Re AT) 


+ E y E t "CE UR geg CN 


The first and second lines in this expression give the expected 
voltages due to each saurce individually. The third and fourth 
lines contain the cross-product components which occur as a re- 
sult of the two stages of multiplication of the element voltages. 

The variance of this output voltage could be calculated 
directly; however, the large number of terms in the final ex- 
pression would make this quite laborious. Therefore, this 
quantity will be approximated as previously by considering the 
variance of the voltage produced by a single source on the main 
lobe axis and then introducing the new value of Y(t) given by 
the equation above. 

With an arbitrary angular displacement between the two 


sources, and a given level of confidence desired in the result, 
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it is possible to calculate the maximum variance which will 
permit a significant difference in the amplitude of the output 
voltage when the array is directed at a source and when it is 
directed between the sources. This value of variance can then 
be used to determine the minimum permissible integration time. 
So the array resolution is a function of two quantities: level 
of confidence and integration time. 

| The resolution capabilities of the simple four-element 
correlation array are listed in the following table. They 


are compared with those of a linear array. 


Random Signals 


Resolution at the 95 Per Cent Confidence Level 


Four-Element Correlation Array Aperture of Equivalent 
Length 4D Uniform Linear Array 
Resolution Integration Time 
Boo BT - 18 9.6 D 
li^ BT = 97 9.4 D 
| 759 BT= 890 9.2 p 


5” BT = © 
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V. EFFECT OF DISTRIBUTED NOISE ON THE NONLINEAR ANTENNA SYSTEM 


The following assumptions will be made: 

1. uniform distribution of independent random noise 
sources; 

2. noise sources in an element df induce a noise power 
y dil watts/cps in an isotropic antenna element; 

3. antenna element and associated circuitry have a rec- 
tangular passband of bandwidth B, center frequency E with 
fo»? B. 

Then the autocorrelation function of the noise voltage 


induced on an antenna element is 


| 


sin Bs 
p. (s) = xj (t)x, (t*s) = vi Bo as" _ COS €, S 


R, 60) sin m S cos gs 
Bs 


where RÍO represents the average noise power. 

With two identical isotropic elements, separated by a 
distance d, the voltage induced on one element by the noise 
sources in an angular area ddl differs from that induced on 


the second antenna element only by a delay time T 
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The same average power, R,(0), is induced on each element. The 
autocorrelation coefficient of the noise voltage on each element 
is the same. 


The cross-correlation coefficient becomes: 


2RT <; ) 
\ Mem A ә COS We (T +s) sin 0 d0 dğ 


*8( 45) 
о "o 
7 d 
= 2w B sinw B($ cos 0 +s) E — 
A ee = COS S 
| en d 27.0 S Š sin @ d RN 


This can be integrated to yield: 
Y c) p Bn (gpg [9i [ oon ne] Si [o ERE +1 Bs) 


“(ка сија Z2 + si İqi-1) (238 + Tr se) 
where k = “¢ and Si(x) is the sine integral. 
TB 
By the symmetry of the integrand and of the range of 


interpretation it is evident that 


P arts) = TEA EFS) = a EPEa S) «V, (s). 


Under the usual conditions of f >>B, and for other than 
very close element spacings, this expression for the cross- 


correlation coefficient can be considerably simplified, Under 





these conditions, approximate Si(x) by % - = X, and, after 
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some manipulation, find 


V on e Ben - sin ES sin mBs COS u% S 
VE BC T Bd gës - 
= T Bd 


€ 
° RaCT ) sin TBs COS 42: S 
m Bs 


where 


RT) = rc) Hd) sings) 


Wwe О yad 


nanə... 


C C 


Since in most cases k>> 1, while d, at the most is a few wave- 


lengths, the last factor, sin (Ed) / (T Bd), will have very 


little influence on the expression; and the cross-correlation 


coefficient can be considered to be a function of sin (Sad), (fad). 


It should be remembered that the approximation used to simplify 
the sine integrals in the original equation is not valid for 
small values of element spacing, d; and, in the event of close 
element spacings, calculation of the cross-correlation coefficient 
would require use of the exact equation. 

Calculation of noise voltage and noise power present at 
the output of a simple nonlinear array will demonstrate the 
considerations which must enter into a specification of antenna 


element spacing. Take for example a four-element array: 
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The noise sources are assumed to be uniformly distributed over 
the surface of a unit sphere surrounding the array. Then the 


average value of output voltage, Y(t), becomes: 


Y(t) = (t) = ny (t)nə(t)na(t)n/(t)- 


Ry CT RC) + RA (TR CE) HR ACT, RT) 


Then, as shown in a previous section, the average value of out- 


put power is: 


T 
Y(t)? - - \ (1 - 7) V(t)V(t*s) ds 
O 


But, with four elements, 


V(t)V(t*s) - n1 (t)n5 (t)n3(t)n, (tn, (t*s)n, (t*s)n, Ct*s)n, (tts) 


And, when expressed as multiples of the correlation coefficients 
of the element noise voltages, this results in an equation with 
some 105 terms. However, if spacings are selected to make 


Yi (s) = 0, (i # 3), then 


V(t)V(t+s) -İ ice)” = R (0) Een) a ui 8 


and the output power can be readily evaluated. Spacings which 

give this result are multiples of a half-wavelength at the center 
frequency, 5 
Since the cross-correlation coefficients can assume both 


positive and negative values, it is conceivable that some decrease 
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in output noise power could be realized by appropriate changes 
in element spacings after a study of the complete expression 
for V(t)V(t*s) under the existing conditions of noise source 
distribution. However, the above method of considering all 
cross-correlation coefficients as zero gives a quick evaluation 
of output power which, by the very nature of the sin x/x func- 
tion, is subject only to minor modification by more detailed 
considerations. 

This development of the output noise power from a non- 
linear array does not give the complete description of the oper- 
ation of this type of array when it is used to detect a signal 
buried in a general noisy medium. Because of the multiplicative 
operations performed in the antenna circuitry, there will be 
an interaction between signal and noise which can appear as an 
undesired component of Ue pure voltage. 

This interaction will be shown by considering a simple 
two-element correlation array. Assume a single signal source 
induces a voltage which is in phase on each element, and a 
uniform spherical distribution of noise sources induces unde- 


sired noise voltages on the elements. 





Then 





Im 
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1) 


Ҹ. (едә (ели) 


1) 


v,(t) S(t) + n, (t) = S(t) + n, (t+ T,,). 


YÜE) - só(t) + S(t) ni (t)+ n, (t) + nı (tön2(t) 





= S2(t) + Ra CU?) = S2(t) +P, (0) 


If the element spacing is chosen (multiple of a half wavelength) 
to make P,, 0) - 0, then the voltage in the output circuit 


due to the signal is 


Noise power, N, in the output circuit, can be determined from 


2 
II 


À 1-9 [Terme = FET | — 
T x 


2r! 


ai QU 9] Fraser) + S(t)S(t+s) [ute + 


ais | + nj (t)n, (t)n, (t*s)n5 (t*s) -52(t)s For ds 


retaining only terms whose expectations are nonzero. 
If the signal voltage induced on a single element is 
a simple sinusoid, S = A cosw t, then the signal voltage in 


the output circuit is 








49. 


and the noise power is 


1238 0 plane cota] / 


2 
2f . 
R, (0) nas cos ej pes. 


Since f>? B, the ac component of the noise will be essentially 
zero in averaging times such that BT > 1. So only the low 
frequency component of the noise power in the above equation 


need be considered. 


T 
| 2 | 2 . ğ 
N -— (1 - S) AZI (0) sinwBs R_(0) sin Bs 

T 1 mm T Bs y B ( TBs) ds 


For large values of BT, this can be approximated by 


9 2 
pono L. ə р 
So the noise power appears not only as a result of the noise 
sources alone (last term) but also as a result of the inter- 
action or signal and noise voltages (middle term). 

This total noise power resulting from the interaction 
of signal and noise voltages may well be greater than that 
caused by the noise sources alone. For this two-element non- 
linear array and under conditions of unity signal-to-noise ratio 
on an individual element, the total "ME power resulting from 
the cross mal tiplicetion is twice the noise power caused by 
the noise sources alone. 


Nonlinear arrays of this same type (combining network 
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composed of product circuits only), but with greater numbers 
of elements, will have additional noise power terms resulting 
from this cross multiplication of signal and noise voltages. 
This is summarized in the following table. In this table, 

the level of multiplication refers to the number of times 

the voltage induced on an element undergoes multiplication be- 


fore reaching the output circuit. 
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VI. NONLINEAR ANTENNAS AND CHANNEL CAPACITY 


A direct comparison of the effect on channel capacity 
of the linear and nonlinear antennas is complicated by the 
change in dimensionality of the message space effected by the 
multiplicative and averaging processes. A comparison is 
possible, however, between the nonlinear antenna system and 
a linear antemna with an associated square law circuit. The 
signal-to-noise ratios in the outputs of these two systems 
can show the effectiveness 5 the nonlinear antenna system 
as related to the familiar linear antenna system. 

Consider an antenna array of p elements, spaced so the 
random noise voltages induced on any two elements are uncor- 
related. Then, if s is the voltage induced on each element 
by a signal source in the main lobe, and n, is the random 
noise voltage induced on the i-th element, the voltage from 
the linear array is 


P 
V = p8 +t ©. N . 


After squaring and averaging 


Y - v^ - pis” + pR (O). 

E L 

But if these p elements are split into two groups of Py and P, 
elements respectively (Py tP. = p), and the voltages of these 
two sub-arrays are multiplied and averaged, the output of this 


nonlinear array becomes: 
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2 
2 = s + n + n z D. sS 
NL (P. i=1 i) (pos Tat Së 25 


The noise power in the output ot each system will depend 
on the type of signal source. Two such sources will be examined: 
(1) a random signal source w1ti » galsssiar Jistridution, and 
(2) a simple sinusoid, & - A cos t. Then in terms ot the 


signal to noise power ratio, : 


1. 5 gaussian. 


Linear Array (5) = BT(S)? L 
N out N in 1:3) + 23, +W 
Nin p“N”in p2 
Nonlinear Array (ë) e Br. 2P1P2 
ou n 


32 S 
2P1P2 (5 ip + Pp +1 


when p] = p? = P 


2 
(3) _ = arg, AS 
N out 1n GAR + < (2) + “7 
2. S - À cos e t. 
| GEN? = 
Linear Array (8) = ВТ(Ә): |: ES 
out N' in 52 + (Nin 


2 
Nonlinear Array out E BIO... ca 
l + Nin 
when p, = p) = 5 
s,2 1 
(8) BTİ), 
N out N in Z ə 2 Š 
r Min 
where d. refers to the signal-to-noise power ratio in- 
WN in 


duced on a single element of the array, and (2). refers to 
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the signal-to-noise power ratio at the output of the antenna 
array combining circuit. 

When the signal*o-noise ratio and the number of elements 
are such that their product is large | eG, >> |. the out- 
put signal-to-noise ratio is approximately the same for both 


arrays: 


3 z S P. 


In this case, the channel capacity would be expected to 
be the same for both arrays if the same number of elements, 
p, were used in each. 

When the signal-to-noise ratio and the number of elements 
are such that their product is small Kk << | , the out- 


put signal-to-noise ratios become: 


2 2 
Linear Array (GI. = Br. E ) 


S s,” 2 
Nonlinear Array out = AE ) 


Now the channel capacity of a nonlinear array is not so great 
as that of a linear array with the same number of elements, p. 
This analysis has tended to ignore one very important 
aspect of the nonlinear array. The average output voltage of 
the linear array (Y, ) will contain a component proportional 
to the signal and a component proportional to the noise; the 
average output voltage of the nonlinear array i has no com- 
ponent which is independent of the signal. This emphasized 


the real difference between the linear and nonlinear arrays; 
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the nonlinear array vill generally be capable of a smaller 
channel capacity than the linear array, but in the final out- 
put voltage the effect of the random noise sources can be 


made arbitrarily small in the nonlinear array, vhile this is 


not possible in the linear array. 
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the signal-to-noise power ratio at the output of the antenna 
array combining circuit. 

When the signalto-noise ratio and the númber of elements 
are such that their product is large [ әд. >> |J. the out- 
put signal-to-noise ratio is approximately the same for both 


arrays: 


5 д 5 р 
FP out Qr (2): 


In this case, the channel capacity would be expected to 
be the same for both arrays if the same number of elements, 
p, were used in each. 

When the signal-to-noise ratio and the number of elements 
5 Ben that their product is small K | , the out- 


put signal-to-noise ratios become: 


2 2 
Linear Array СӘ. = BT(Š) [° ) 


. S gef 
Nonlinear Array Aout = NE ) 


Now the channel capacity of a nonlinear array is not so great 
as that cf a linear array with the same number of elements, p. 
This analysis has tended to ignore one very important 
aspect of the nonlinear array. The average output voltage of 
the linear array (Y, ) will contain a component proportional 
to the signal and a component proportional to the noise; the 
average output voltage of the nonlinear array (Y aL has no com- 
ponent which is independent of the signal. This emphasized 


the real difference between the linear and nonlinear arrays; 
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the nonlinear array will generally be capable of a smaller 
channel capacity than the linear array, but in the final out- 
put voltage the effect of the random noise sources can be 


made arbitrarily small in the nonlinear array, while this is 


not possible in the linear array. 
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VII. DESIGN OF NONLINEAR ARRAYS 


A. Basic Considerations 

The preceeding analyses form the basis for certain con- 
clusions regarding the employment of antenna arrays which 
utilize nonlinear processes in the combining network: 

1. Random noise voltages induced on the antenna ele- 
ments can be reduced to any desired level by proper element 
spacing and by averaging for a sufficiently long interval. 

Noise power is approximately inversely proportional to the 
averaging interval, BT. 

2. Cross multiplication processes in the antenna circuitry 
will introduce additional noise terms resulting from inter- 
action of signal and noise voltages, of different noise voltages, 
or of different signal voltages. These added noise terms 
attain their minimum values when the level of multiplication 
is limited to one. 

5 When the level of multiplication is greater than 
one, the interaction of two or more independent signal sources 
will introduce components in the output — which can not 
be reduced by averaging. 

4. The examples of nonlinear antennas considered have 
demonstrated directional patterns with main lobes significantly 


narrower than those obtainable from linear arrays of the same 


size. 





5. The nonlinear array is not efficient in a general 
communication system, but offers particular advantages to a 
system in which narrow beamwidth is paramount. 

These general conclusions will be the basis for the 
deisgn of nonlinear antenna arrays. The difficulties which 
arise wnen the level of multiplication exceeds one outweigh 
any apparent increase in directivity which might be obtained. 
Therefore, the combining network will be a combination of 
addition and multiplication circuits, with the level of 


multiplication limited to one. 
B. Products of Linear Arrays. 


If we consider a uniform array of n equally spaced iso- 
tropic elements, the simplest type of nonlinear antenna which 
can be constructed (with level of multiplication equal to one) 
is that in which the elements are formed into two linear arrays 
whose output voltages are then multiplied and averaged. There 
are, of course, a number of different combinations of the 
elements which can be realized in accomplishing this. 

ld 
MES Gb € o vv gem 
-—— No 

n, elements n2 Clements 

.——..3x 
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For two groups, containing n. and n, elements respectively, 
so that nm = nj*n,, and with spacing d, between elements and d, 


between group centers, the directional patterns can be written: 


P (y) = sin ni (V/2) 
. ni sin(9/2) 


E (Y) sin n? (Q/2) 
2 Dn» sin(Y/2) 


sin ni (P/2) sin n2(P/2) ` E 
aj sin(y/7) m; sinw/7) соз бду) 


and Р. (ФҸ) 


The two parameters controling P_(W) are 
1. the total number of elements, and 
2. the number of elements in one of the groups. 

P (W) is equal to unity when WV - О, Each term in the 
expression for P. (q) will introduce zeros into the directional 
pattern. The first and second terms will haversatal equally 
spaced along the y-axis at intervals of 2W/n, and 2n/n, 
respectively. There are | &1-D*(,-1) = n-2) such zeros 
between Y= 0 and P= 2T. Assuming there is no аси 
of the two groups, d2/d1 = n/2; the final term in the 
directional pattern, cos(d4/d, ) w = cos n¥/2, has a oe in 
the interval between Y = O and Y= 2T. 

It is evident then that a uniform nonlinear array with 
nım, en elements vill have a directional pattern vith 2(n-1) 


zeros instead of the (n-1) which would be available for a 


simple n-element linear array. 
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The cos n V/2 factor in the directional pattern is the 
important innovation of this type of nonlinear antenna. This 
factor will cause the pattern to pass through zero for WV - TW /n, 
regardless of the manner of splitting the n elements into two 
groups. If these n elements were utilized as a uniform linear 
array, the first zero would occur at W = 20 /n. Thus the 
beamwidth of the principal lobe of the nonlinear array is 
approximately % that of a linear array of the same size. 

Since the location of n-2 zeros will depend on the choice 
220) and n2 = n - ni, a number of directional patterns are 
possible for any fixed total number of elements, n. Figure 8 
compares the directional patterns which result when n = 6, 

Variation in element spacing could influence all of the 
terms in the equation for the directional pattern of the array. 
Figures 9 and 10 demonstrate this effect, showing the directional 
patterns which result when the nj elements are at spacing di; 
while the n, elements are at spacing 24). 

In these figures and in other investigations of the 
directional patterns, it is apparent that the cos(d,/d,)p term 
caused by separation of group centers has the greatest effect 


in narrowing the principal lobe. 


C. Data Processing by Correlation Circuits. 
Data processing by correlation circuits offers an 
attractive possibility for improving the presentation of the 
information available from an antenna array. Such a system 


could be based on the multiplication of the output voltage 
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of one linear array oy the output voltage of a second linear 
L 


array in which a progressive phase shift has been introduced. 


For example, using again a total of six elements: 





By providing a number of phase shifted circuits with the pro- 
gressive phase shifts chosen to form directional patterns 
whose maxima occur at the zeros of the unshifted pattern or 
at the sidelobe maxima of the unshifted pattern, a number of 
such correlation processes can be carried out. By combining 
these correlation voltages into a single output voltage, an 
improved directional pattern is formed. 

Figure ll shows this resulting pattern for the six- 


element array. The unshifted pattern is given by 


_ si Er 
Pe CW? 7 ) 


The phase shifted patterns are given by 


— üm É ə í 
Bw) = sin (W t a 
where @=T/6, T/3, T/2, 2T /3, 5 T /6, and Tr. 
By fully utilizing all of the phase shifted circuits connected 


to these six elements, it would be possible to provide a number 


of antenna patterns with main beams displaced (equally in Y ) 
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throughout 360%, all from a stationary array. This multiple- 
beam antenna is not new, but the impr beamwidth provided 
by the correlators permits a refinement in performance without 
increasing the overalllength of the array. 

Using the same six elements to provide unshifted as 
well as phase shifted voltages will not permit elimination of 
noise voltages by averaging. And it does not take advantage 
of the beam narrowing feature of the cos(do/d) ter: present 
when the linear arrays are separated. Thus some improvement 
in performance would be expected from splitting the elements 
into two separated linear arrays, with progressive phase 
shifting applied to one of these resulting arrays. Figure 12 
shows the pattern which results when the six elements are 


formed into two uniformly spaced three-element linear arrays. 


| éi in 3 (Yta | 
гур) = O qarar) sos əfsa) 


where eL - 0, 1/3, 21 /3, and rv. 
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APPENDIX I: THE PROBABILITY DISIRI P OUTPUT-NOLSE 


VOLTAGE OF A TWO-ELEMENT CORRELATICN ARRAY, 


A randsi distrioution cf noise sources surrounding a 
two-element antenna array will induce voltages which can be 
represented by stationary time series with gaussian probability 
Cistributions. The noise voltages car thus be completely de- 
Scribed statistically by specifying their cross- and auto- 
correlation functions. Each noise source will induce a voltage 
on one element which is identical to that induced on the other 
element, but with a time delay factor due to the finite time 
of travel of the wavefront from one element to the other. As 
shown previously, the cross- and PUN CROSS 
of the total induced voltage cen be obtained by summing the 


275 .0tions of the individual source£ç., For å uniform distri: 


bution of independent noise sources and rectangular bana 


limiting: 
PEE ^A ñ . 
NS (3) = Ae 5n EA cos ue Some nm cos uo S 
in ФАВА . тВа 
Piu ) a ) E S A EH sin T B$ 
к mBd TBd "UR. “os RE 
C E 
= R(T) GAP COS WoS 
TI 
where: 


1) noise sources in element of angle dQ produce noise 


power 7 dÉL watts/cps; 
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2) Bis bandwidth,@,. is center frequency; 


—. M , and d is element spacing. 
o 


The elements of the system can be represented as: 


Ал (с) 
Jhen n, (c) = n. (t), the circuit is that of a square law 


detector; the statistics of this system have been studied о, 


several authorsll, Ee 


Emerson has shown that the probability 
distribution of the output voltage of the square law detector 
is determined by the eigenvalues of a linear, homogeneous, 
integral equation whose kernel is a function only of the cor- 
relation function of the input voltage and the impulse response 
of the circuit employed as an averager. 

Using this general method Lampard!” has obtained an 
expllcit solution for correlated input voltages, but only for 
the case of no postmultiplier filtering. 

Although it appears that there is no explicit solubion 
to this general antenna noise problem when postmultiplier 
filtering is employed, the resulting distribution can be repre- 
sented by an infinite series whose significant terms can be 
calculated. If these input noise voltages have bandlimited 
gaussian distributions, the output from the averaging circuit 


can be expressed in terms of an infinite series and displeyed 
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graphically in a manner similar to that used by Emerson. 
The output voltage of the circuit is written as a con- 
volution 
vg (t) = ` nj (t-u)n, (t-u)h(u) du 
0 
where h(u) is the impulse response of the averaging circuit, 
Since, for this antenna situation, n, (t) differs from n, (t) only 
by the time delay factor T , the output can be written 


EXE) = ç. nj (t-u)n, (t* t -u)h(u) du. 
0 


The moments of the output distribution can be determined di- 


rectly: 
E 
vo (t) ah n; (t-u)n, (t* t -u)h(u) du. 
O 


For this perfect averaging circuit 
1 
O , elsewhere 
Then 
ict 
K S Eier t) Piz (0) du 
1 O 0 
where P (s) = n,Tt)n (евә) are the correlation functions for 


the bandlimited noise voltages. 


7 
K, = y, (E) M \ ni(t-u)mn,(t-u)nj(t-v)no(t-v) du dv 
t 
0 0 


t t 
ck V. (baron + VU ii (ü-v)” "Piza as dv. 
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The variance is "Ue Kə Ky. 


A general expression for the moments could be written 


in the form of an interated integral 


K =v (t)t = 
a O 





The output probability distribution can now be determined in 


14,15 


terus of a Gram-Charlier series, type A. If we introduce 


the normalized variable 
_ vg (c) = v (t) 
g 


then a convenient expansion for the probability distribution 


9 


of v is given by the series grouped according to Edgeworth: 
27 — 2 2Y°) 140.1. Gy) ERAS IA EIS 
{or 3 4 4 6 6 I 
where H (x) is the Hermite polynomial of degree n defined by 


5 nz n : 
— -5Х = “x 
dx” (e 2 ) = (-1) H (x) e 5 


where 


and A; is the i-th central moment, obtained from K, the i-th 
moment. 
To illustrate the change in the probability distribution 


of the output voltage with increasing averaging time, let us 
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consider tvo isotropic antenna elements in a uniformly distri- 


buted noisy medium with an element spacing d = an me For thi 


po 


1 CY = = H ( ( d 
element spacing, R CU) T Q) 


With no postmultiplier filtering the distribution is 
given explicitly by Lappard: 
e! il 
l 2 5) - Y12(0) 
| SE со)2-Ҹ. (О Wong ss m s 
Y NRO] yma әә 


lave | 11 (0) 
Sop  Vu(0^- V0 |^ 


where K (x) is the modified Bessel func Clon of the second kir 
and zero order. 
with postmultiplier averaging included, the equations 


Wnr the first three central moments of the distribution are: 


E 
lb - v0 - 4 R(T) du = R(T) = 2 &(). 
0 E 
t 
1 2 2| sin^mB(u- 2 
M2 =g = “| | R (C) +R (Œ dum — dv. 
0 


E 


1 deu S J| sinf B(u-v) sin* B(-w) sinnBQ-« 
S (pem —- 
0 0 


I 
1 


COS Wp (u -vy ) coswe (v-W)cos St dv dw . 


The output probability density functions are now expressed in 
terms of the Gram-Charlier series. They have been plotted in 


Figure 13 for selected values of the bandwidth-averaging time 
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product, Bt. The coefficients have been obtained by neglecting 
the terms in the cos4W4_(u-v) products which represent the high 
frequency residue. Since im a typical COCA they 

are vanishingly small for values of Bt considered here. Actual 
solution of the integrals to obtain the series coefficients 

was carried out on a Bendix S-15 digital computer. 

For the case Bt = 0 (no averaging) the curve is exact, 
and the effect of all frequencies is considered. 

For Bt = 1, Bt = 2, and Bt = 4, the convergence is fairly 
rapid (three terms of the series required) for graphical ac- 
curacy in regions near the mean. Accuracy for the extremes is 
not claimed, but would require additional terms in the series. 

It will be noted that the tendency toward normality 
with increasing Bt (increasing average time) is pronounced. 
This is in general agreement with the results observed by 
Emerson for the square law detector and would be expected from 
the general behavior of integrated noise derivable from the 


Central Limit Theorem. 
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APPENDIX II: CALCULATION OF VOLTAGE RESPONSE PATTERNS WITH 
TWO SIGNAL SOURCES. 


The antenna will be a four-element correlation array with 
relative spacings di - D, doa = D, d = 20, and Pp. 


34 
The voltage induced | 





on the i-th element by signal source À is V, — A cose, (t VE 
i 


and that by signal source B is V, - B cos wg(t te ai^ where 
Taj = (4, /с)в1п 0, and Thi = (d,/c)sin 95. The signals which 

are interesting in this study of correlation processes are 

grouped into two cases: (1) coherent signals (w, = w and 

(2) signals with slightly different frequencies (w g- D, =§wW). : | 


Therefore, (c0 di /c)= (Wd; /c) and the following notation 


can be used: 


, MD .; _ wD 
X 1 d Y- 
= sin E an S sin $5 
Then the product of the four-element voltages can be written: 
V да cos oO ,t * B cos Wat ][ A cos Loi, E + X) + B cos (Wet + Y)]. 


[A cos(w,t + 2X) + B cos (wpt + 2Y)]{A cos (w,t+4X)+B cos caged 


Carrying out the indicated multiplications, and rejecting the 


d 
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multiple frequency components (2w and 4w), gives 


2 
- Á'[cos X* cos 3X* cos 5X] * бы Y+ cos 3Y+ cos 5Y] 


< 
| 
> 


E 


E A" B[cos (x*Sut ) «cos QX- uc) «cos (SX«$ut) «cos Ge4Y duc) 

a cos(X-4Y-Swt )+cos(2X+Y+Swt )+cos(2X-Y-Swt)+cos(3X+2Y+Jwt) 

+ cos(3X-2Y-Swt )+cos(3X-4Y-dwt )+cos(5X-2Y-Gut )+c0s (6X-Y-Swt ) ] 
Y AB? [cos (Y- Sut )«cos (3Y4dut ) cos (5Y«Sut )&cos Ye4X- ut) 

= cos(Y-4X+8wt ) cod Y+X-Íwt)+cos(2Y-X+owt )+cos(3Y+2X-Íwt ) 


+ cos(3Y-2X+dwt )+cos(3Y- AX+Jwt )+cos(5Y-2X+dwt )+cos (6Y-X+dwr) ] 


2-2 
+ — [cos(X+2Y)+cos(X-2Y)+cos(X+4Y)+cos(X-4Y)+cos(2X+Y)+codX-Y) 





+ cos (2X+3Y)+cos (2X-3Y)+cos (3X+2Y)+cos(3X-2Y)+cos(4X+Y) 
r cos(4X-Y)+cos(X-6Y-2ówt)+cos(2X-5Y-28wWt)+cos(3X-4Y-24ut) 
+ cos(4X- 3Y-2$wt )+cos(5X-2Y-2 dwt )+cos(6X-Y-26wt ) | 


Although this is a formidable expression, the capability 
of.the array to resolve the two sources can be estimated by 
examining two simplified equations: 

Case 1. . .vnen source A is located on the principal lobe of 
the array (X = 0), 
Case 2. . .when the principal iobe of the array is directed 
between the two sources (X = -Y). 
If it is assumed that À = B and that dw = 0, then the equations 
for these two cases are: 
Case 1 | 
V = A^ [6 + 12 cos Z* + 10 cos 2Z2' + 8 com JE ee 427 


8 
+ 4 cos 5Z' * 2 cos 62!] 
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I» 


V = Š [12 cos 2" + 12 cos 32 " + 12 cos 52" + 12 cos 72"] 


where, with the angular displacement of the sources denoted by ©, 
Z' = T[ sin О, and Z" = T sing 

Resolution of the two sources is certainly possible when the 

magnitude of the voltage response with the main lobe directed 

- between the sources (case 2) is less than the magnitude of the 

voltage response with the main lobe directed at one of the 

sources (case 1). Although this is not the only condition under 

which resolution will occur, a comparison of these two voltage 

responses as functions of the separation of the sources should 

indicate the general action of the array in the presence of two 


sources. Resolution is certain for separations of approximately 


1.0 





Angular separation of sources, Q, in degrees 


VOLTAGE RESPONSE OF ARRAY AS A FUNCTION OF SEPARATION 
OF SOURCES 

Dashed line: main lobe directed at one source 

Solid line: main lobe directed between sources 





дин, 202 


9 nof 5 


and 43% where the voltage response for the 
lobe cirected between the sources drops to zero. It 
ting to note that the voltage response when the main 


directed at one of the sources is uniformly low, and 


Zë, 


пара 
is interes. 
love is 


the array 


will not indicate a maximum voltage response for this orien- 


tation. The general voltage response patterns of this array 


for several specific source separations are shown in the 


Mecompanying diagrams, (Figs. 14, 15, and 16). 





Voltage magnitude 
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AND Separation of sources - 20° 
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Separation of Sources = 2: 





Source A Source B 





FIG. 14. -- Voltage response pattern, four-element correlation 
array and two coherent signal sources. Voltage normalized to 
unity for maximum response of two coincident signal sources. 
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Separation of sources = 29 
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Separation of Sources - 34° 


. 20 


Source A Source B 





FIG. 15 -- Voltage response patter, four-element correlation 
array and two coherent signal sources. Voltage normalized to 
unity for maximum response of two coincident signal sources. 





TA 


"О 


. 10 


. 05 





80. 


o 


Separation of sources = 38 


Source B 


FIG. 16 -- Voltage response pattern, four-element correlation array 
Voltage normalized to unity for 


and two coherent signal sources. 
maximum response of two coincident signal sources, 


A similar response pattern, resolving the two sources, can be 
obtained with a linear antenna with aperture 3X (6D). This is 
approximately the same length as the correlation array whose 


patterns are plotted here, 
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APPENDIX III: APPLICATION OF CORRELATION TECHNIQUES IN 
LINEAR ARRAYS. 
A. INTRODUCTION 

The consideration of the statistical nature of noise 
and the application of correlation techniques can be utilized 
in the study of antenna systems which are designed to receive 
a signal embedded in a general noisy environment. The tech- 
niques of correlation theory can be employed to indicate the 
method of operation of the antenna system which will optimize, 
in some specified sense, the reception of the desired signal. 
It is the purpose of this report to summarize some previous 
results in this field and to indicate a general methodology for 
attacking the problem. 

Ihe general case considered is that of a single signal 
source, a point source, in a noise medium. No specific restric- 
tions are imposed on the type of signal considered; only a 
statement of total signal power is made. Thus, the treatment 
is generally applicable to a signal which is a random function 
having the same spectrum as the background noise. A signal which 
is correlated, or whose spectrum varies from that of the back- 
ground noise would obviously permit further modifications of 
the receiving techniques which could give improved antenna 
system performance. 

The receiving apparatus considered is a linear broad- 
side array, oriented to put the signal source at the point of 


maximum sensitivity. Under these conditions the signal-to-noise 
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ratio of the combinec output of tne array can be max1nized 
with respect to both of these variable:. 

The application of correl-tion techniques to receiving 
systems has been considered i. many forms in the literature. 
The present method of analysis is based on that introduced бу 


Faran and Hills! in their studies of acoustic systems. 
7 GENERAL DEVELOPMENT OF THE PROBLEM. 


Each element of an array of antennas in a noise fie!. 
can 5e considered as an individual source whose output can be 
su.tably modified in amplitude, phase, or time delay before 
being combined with other source outputs to prouuce the desired 
total effect. The output of each sucn element will be a de- 
sired signal voltage plus an undesired noisewltage. If chere 
is a correlation between the noise voltages occurring on any 
two of the antennas, then it should be possible to modify and 
combine these voltages in such a manner as to reduce the total 
effect of the noise in the output of the system. 

The correlation coefficient used will be the time average 


function defined by: 


= 
e H 
Ri2() - Lim и el (t)e> (t*T)dt 
SE 


When e¡ (t) and e,(t) represent the instantaneous voltages on 


A 
.:—...,-.. 


2 


tvo antennas, GE and e,“ are proportional to the average 


powers of the two sources. When these two voltages are added, 





ə 


the average power of the comgination ls proportional to: 


səl 


f T—————— E 
e = [e (€ MED j 
= e (6,27 + ezlt,)% + “e, (t])e,(t,) 


6) 


ej (t,)* + T + R; a(t] = t5) 


s + e,(t,)? + 28 (T) 


ИЛ (ress-correlation coefficient, 2, (T), will, in general, 


b 
take on both positive and negative values as € is varied. 
This argument can be extended to the case of n sources. 


In this case the power of the combined output 1s proportional 


po: 
n n n 
mo^ 2 
- > (t = > (t )e.(t ) 
E e; ( E er Di °; E, 
St 


i=l 1=1 j 


(2.9) 


which will contain [as R, CD] the correlation coefficients 
between each antenna and all others. 

Consider an isotropic antenna located at the origin of 
the spherical coordinate system, with noise sources distributed 
on the surface of the enclosing sphere. Then the noise arriving 
from a differential angle d« in the direction « contributes 
an amount f(ec)d« to the average noise power at the output 
of the antenna. It will be assumed throughout this report 


that noise signals arriving from different directions are 
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independent. The spectral density of the noise power is then 


expressed as a function of position and frequency: 
P (9, d,a) ) I (Q, d ) - W (ua) (2.4) 


The actual antenna will not be isotropic but will have a charac- 
teristic power gain pattern, G (0, ¢), and the spectral density 
of the noise power [W(w)] will be modified [to W“ (@)] by the 
characteristics of the antenna and its associated circuitry 
(amplifier and phase shifting network). 

Since the correlation function (autocorrelation function 
in this case of a single antenna) and the power spectral den- 
Sity are Fourier transform pairs, the process of determining 


this correlation function is that of the triple integration: 


CO 2m T | 
Ry y (T) A 1(9,2)С(9,д)м GE Odddddw (2.5) 


- 0 О 


This metnod of calculating the correlation coefficient 

con be readily modified to apply to the cS: an array of m 
antennas. If it is assumed that each of the antennas in the 
Meray is identical to each of theothers, and, further, if it 
is assumed that no mutual coupling exists between antennas, 
then it is only necessary to add: 

(1) a term to account for the phase difference (or time 
delay) in the voltages induced by any given noise source be- 
cause of the distances between antennas, and 


(2) constants A, and Bn which describe the magnitude of 
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the gains introduced by the amplifier im each antenna circuit. 


A; Ај 
‚m = iş (Ön y 1 
ow 


3D(9 > ó 2) juY 


Q2 





VM 


EN sin 0 do dé do . 


Let the noise voltae received by the i-th antenna be 
denoted by n (t). Then the total noise power of the array is 
meoportional to: 


m 


ES = 
N= A,n, (t-T, ) (2.7) 


i=l 
where A; is the gain introduced at the i-th antenna, and T, is 


the time delay at this antenna. 


m 


m m 
ə 5 em š - = d = ° 2 
H A. A, n; (t-T Jn; (t j A, A K T.) @ 
m. l Kl : 


In order to facilitate interpretation of the mathematical 
solution of the problem, it is convenient to normalize power 
equations. Since the antenna elements have been assumed to be 


identical, E (T) depends only on the time delay 7, and R'(0) 


is the same for all elements. Since 
T 
00. 2 , 2 
R! (0) = lim 21 n“(t)dt = n(t) 
T— oo «T 


this is a measure of the power induced on a single antenna. 





Ee 


Then, for tne system: 


in m Бә (T s po) 
? >> NES ra 
er = Ee R u 29) 
i=l j=l 


ror a Linear broadside array with a single signal source 
loceted at the point of maximum sensitivity of the array, there 
is no time delay in the reception of the signal voltages by all 


elements,so signal power is proportional to: 


m zil 
s“ = > > A.A, = (A; + Ay + + A) (2.22 
^n St j 1 2 ° e ° 1 ~e a 


i=l j=l 


NI 


If, furtnermore, А, + 5 тәми An = 1, then Eq. (2.9) 


^) 
Lë 
e Y 


for is the inverse of the signal-to-noise ratio of the com- 


dined output of the array. 


EN OPTIMUM PERFORMANCE 


For the purpose of this report, optimum performance will 
be thet which gives a maximum signal-to-noise power ratio in 
the output of the system. Variables to be considered are: 
(1) the relative gains of the amplifiers connected to each 
antenna ES, (2) a time delay in each antenna circuit (T. ), and 


27 00 5 soacing (4). 
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First, it is necessary to examine the nature of the 
correlation coefficient, Rij (T). Consider a linear array of 


m identical, evenly-spaced isotropic antennas. 





Assume a continuous, uniform distribution of white noise sources 
over the surface of an enclosing sphere. 
Then 
G(9, d) = 1/Am 
I (9, d) - 1/am 


W(w) =Y vatts/cps 
> 


< 


Let each amplifier be band limited vith identical rectangular 


pass bands, 7 — Adə. 


0 2m T à 
Ee cos @ : 
HIH = Sie 57” 4 Lo - 
-0J -aw “O 0 
uU ДӘ 
0 2m ,T = 9 
-j COS jet 
mn sin8 e R ci ə” —-— 
wo 0 0 
бә, Wy. aw 
1; E) >, sinwd/c , ¿PE d Y sin wd/c o 42.2) 
l6 a e e wd/c 





Son 


This 1s solved to give: 











=m d Aw WO A 
- S, ҝу — HE - a T (3.3) 





naer the condition Au«@ , this simplifies to 


0 
R id, T) — sin 2TTd/A. GE (3.4) 
R' (0) 2nd/a 


^ 


17 the correlation coefficient can take on both positive 
and negative values; then, if the magnitude of the correlation 
coefficient is established by the element spacing, a time delay 
network can be utilized to obtain an effective correlation co- 
efficient of any lesser absolute value. In this case, of course, 
the effect of this time delay on the desired signal voltage 
must be considered in evaluating the system performance. 
Maximizing the output signal-to-noise ratio with respect 
to the gain introduced at each antenna amplifier or with respect 
to element spacing is a matter of applying the Lagrange mul- ` 
tiplier method to Eq. (2.9) subject to appropriate constraints 
on total amplification or total array length. The desired 
quantities are found by solving a set of mtl simultaneous linear 
equations in mtl unknowns (for an array of m elements). Sym- 
metry can be used to reduce the number of equations and unknowns 


considered. 
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D. EXAMPLE: FIVE-ELEMENT ARRAY! e Lee NN AE 


Assumptions: 

1) Five identical isotropic antennas in a linear broad- 
side array. 

2) Single point signal source located in the direction 
of the maximumnof the array radiation pattern. 


3) White noise sources uniformly distributed over the 


surface of an enclosing sphere. 
/ NT ° S 
+) No mutual coupling between antennas. 


5) Antenna amplifiers have identical rectangular band 


pars characteristics QJ ,* 80, and ск I e». 
d N NY N N 


t. 


^. | A. Ar 


CUIR D 
Case I.--Uniform spacing, (d), between antennas. 
2 2 2 2 2 2 | 
7: ie + + m + + A 


+ 24,47R,.(d,,) + 2A,A,R (da. ) + 2AAR (d ) 
1 ~ 1 13 ; LC ibus 
1 A 1 
E24, A, R,,0454J * 28A, R01) TORTE 


+ 2A3A, Ray (834) + 2A AR, (d45) + EEN 
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and 

2 
Sa = (A) + A, + Ag + A, "P 
for a symmetrical array 55: A “ALƏ, and with T¡=T,=T,=T,=T:=0: 


em UM 2 D 
Ny" = Ag" = 2A,” + 24,7 + 44, A,R,,(d) + 4A,A,R, (d) Es 
+ GAA 484324) $ AA, A, R .(34) + 2A ERAS (2d) 
+ 2A R (4d) 
LO 


Lagrange multipliers give four equations in four unknowns: 














Su La 
SA, + SA Ce 
$32 Es? 
ÀE + xü” 

Bo Š A2 
bu &s ° 

+ = 0 

бА, бл, 
S^ -1 


The correlation coefficient as a function of element 
spacing, d, A ve developed as in Section III. 

G (6 9) 

I (6,9) 

W(u)- V uatts/cps 


1/47 


1/41 


T = 0 
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R'(d, 0) _ wa e | doca E də 
(О, О 24 d^ Ae ) ` € KZ m əst 
6.5) 
- A(100) $ s, | 1.01 @od - s. Leier? 
md F о ии . = 


Again, in some cages, this sine-inte>ral expression can be 
aporoximated by 


dır o 
—€—Ó 
Den 


The two expressions are equal for at least twc significant 
7— -—.. Tuis is shpa in PiL T 

For spacin, (d) 1652077 7 hal f-weve! emeth, the aun'i- 
Meeqtions of indivicual antenna voltages wich will resnit 12 


a mazim signal-to-noise ratio in the combined output differ 


ssenificantly frou the uniforu auplizication systen. For sp 


L 


Mas tot a half-wavhienku® «3 ter, ootinuum amplification 


hor — 


ет 


Poster: 3 Wilco reta: irim Cue tte Eiere cive only a 
Mizel improvement in signal-to-noise ratio over that obtained 
2:00 uniform amplification. Fizure’2 shows this signal-to- 
Meise ratio as a function of element spacınQ for the optimu: 
amplification case and for the uniform anplification case. 

Two observations can be wade from an examination of 
Biz. 18: 

1) For this case of unifoma spacing, maximum signal- 
Busse" ratio occurs for a spacing; dij of 315? between elements. 
Reference to Fiz. 1 shows that for this spacing the cross-corre- 


lation coefficients between all antennas (d, = Ли -6309, 


2 
E9355 d, - 12609) are either negative or negligibly small. 
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Signal-to-noise ratio (in db) 
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/ 
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90? 180^ 200) 360° 450° 
Element spacing (in degrees) 
FIG. 18 -- Five-element array, uniform spacing, isotropic antennas, 


single signal source, spherically distributed noise (0 db corresponds 
to signal-to-noise ratio of unity on a single element). 
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"1 
i 
< 


hus, the effect of the crots-components of noise power 15 
to decrease the noise power intercepted by each of the five 
antennas indivicually. 

2) A sişnificant incrcuse in siznal 6025016600 30 cər 
be attained at close spacinis ty utilizing the amplification 


patterns resulting from a solutWon of Eq. (4.4). Toezrapıe 


cr 
иә 
increase in individual antenna voltage amplifications for op- 
timum performance as the spacing is narrowed is shown in Fig. 


19 and listed in detail in Iable 1. Calculations for spacing 


in this region involve small differences of large quantities 


Elenent M | 
Spacing Amplifications 


- 1.68 
-0.214 
* 0:116 





T0520 709202 


TABLE 1.--Individual antenna voltage amplification to 
produce maximum signal-to-noise rationfor the given 
element spacing. 

so the sine integrals cannot be approximated by the Sip 


function. As the spacing becomes small, optimum performance 


depends on precise adjustment of the gains of the individual 
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FIG. 19 -- Five-element array, uniform spacing, amplification ot 
antenna voltages to produce maximum signal-to-noise ratio, 








96 


interna amplitierg, end, thereítwz,' bécosej increasingly dif- 
ficult to attain from a practical 5715 is is 
analogous to the problems cf close spacing in super-gain 


antennas, 


NIY ҸУ, NY NY 





Case 11.--YairiQore spac1:7 cetween antennes. 


` 


Consicer five izotropic elements in a synmetrical linear 


broateide array with unequal elewent spacing. Assuming, as 


D N a A = ә / =: mne = = = = = 
efo — that ES] 5? ix EO Ed Tı L, T.T, Ts 0% the 


equections def ning noise power and signal power become: 


102 S e CHEN 
7 = Аз + A ^r E ER “AZA Ro 9x) SL 441 A7R1 9 Cy) 

+ AAA, City) Í AA 428: (2x37) + 2A] R, , (2x*2y) 

: Car: 
EE S C 
? 2 

e m = : m” ZA. — B = 2 
n (A, 2 i ә? (57 


Mee it it is further cssunmed that overall length of the array 


ls sreat enovrr to perait approximation of the sine integral 


sen 


Big 
an 


Pictions by ane to permit use of a uniform gain pattern 
on the antenna aaplifiers, the Lagrange multiplier method can 


oe readily employed to obtain optimum spacings. 


gu 


A, = Ay = Ag = A, = As = 0.20 (4.8) 
N.* 2 0.20 « 0.165810 Xx + 0,16sin y + Q,16Sin (xty) 
$ : y — ən) 
(4.9) 


r 


ј ` UNE Ç 7 ) i 2 
0.16SÀn 24 E 0.925212 2 ә 0.08 Sin 2x+2 
741 DG Zx+Zy 


The constraint that must now be imposed is the total lengt'” c 


ә. 


Ene array’: 
B a qu 


These conditions lead to three eguations in three unknowns: 


(4) 


-+ 
> 
ki 
H 
O 


These are readily solved to give the following criteron for 
extrema of the signal-to-noise ratio as a function of element 


spacing: 


' ' f 
nx - sin y t sin(2x=y) + Sa eo (2.12 
x y Duty 27 | : 
vnere the prime indicates the first derivative of the function 
with respect to the total argument. In general, roots of this 


equation will give spacings for minima as well as maxima of tne 


signal-to-noise ratio, so it is necessary to carefully select 
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the correct roots. This equation is, of course, a specific 
application of a general equetion governing a five-element 
linear array which can be expressed as 

R' (x) - R!(y) + R'(2x+y) + R'(2x) = O 
where R'( ) is the derivative of the normalized correlation 
coefficient with respect to its total parameter. 

Ihe maximum signal-to-noise ratio obtainable by varying 
element spacing as a function of the total array length is 
shown рә, 20. Spacings which give this maximum ratio are 
shown for sea array lengths in Table 2. Again it is evi- 
dent that optimum spacings results from cross-correlation co- 
efficients which act to reduce the total noice power of the 


array. 


Array Length Spacings Signal-to-noise 
x ratio (db) 





TABLE 2.--Element spacings giving maximum signal-to-noise 
ratio for various total array lengths (note two possible 
solutions for spacings of 720°, 810°, and 900°). 





Signa]-to-noise power ratio (db) 
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/ 
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/ 
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/ 
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/ 
0 600° 900° 1200° 1500° 1800° 
Total length of array (in degrees) 
FIG. 20 -- Five-element array, variable spacing for fixed length, 


spacing adjusted for maximum signal-to-noise ratio, 


Ju 


100 . 


The curve passes through a definite maximum which corresponds 
in total array length and in resulting signal-to-noise ratio to 
the optimum condition discussed in Case I and shown in Fig. 2. 
In both cases considered in this example, solution of 
equations developed in Sections II and III under the conditions 
of the assumed model have led to definite conditions on the 
array length, element spacing, or antenna voltage amplification 
which result in a maximum of the signal-to-noise ratio in the 


output of the total system. 
E. EXAMPLE: FIVE -ELEMENT ARRAY; SHORT DIPOLES 


Retain the same assumptions made in the previous example 
with a change from isotropic antennas to short dipoles. The 
dipoles can be oriented with their axes perpendicular to the 
line of the array or parallel to the line of array. Both 


cases will be considered. 


1(9,$ ) 
G(6, $ ) 


W(w) = + 


1/4w 


et) - sgin?Qcos2e ) 


Case I.--Axes of dipoles at right angles to the line 


of the array. 
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_ 
C ә pa 
Eu (d,T)= i de jad cosQ 
lor 3 (1- sin?0cos?g)e e sin 9 doddádw 
- «4 - hu 0 | 
0 
Ë: jee cosQ 
=(1-sin?9cos’#)< &"* sine d9 dd dew 
Gen RECH 
Normalizing and integrating gives: 
d 
"C 
ııı | d 
ER CP 3224 LA, (ә 
— —- = дә d QS 2.57 (cos w T) (57 
R' (0) E 
C 
w d 





where Yn. Ы 


) is the Bessel function defined by 


Ja Gx) 


| Y 
DN) = Pp 41) — 
v V 
= 
(2) 
In this integration it has been assumed that the rectangular 


pass band of the amplifiers is so narrow that 


w + 
о бә 


f(w) de = f с̧ә ә : 
=o 


The normalized correlation coefficient has been plotted 
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for T=0 and for variable spacing, d, in Fig. 21. 

The signal-to-noise ration (in db) of this array of 
short dipoles is plotted as a function of element spacing in 
Fig. 22. As spacing is increased, this signal-to-noise ratio 
passes through a maximum corresponding again to the spacing 
which results in a negative correlation coefficient between the 


noise voltage on any antenna and the noise voltages on all 


other antennas of the array. 


1/4 


I (0, ¢) 


3 sin? Q 


G (9, di 
ur 

zm 

дә. = 


Case II.--Axes of dipoles in line with the array. 


wf 2g AT wd 
j cos 9 
R'..(d, m) - `" səl” jeT 
ij T 5 sin Be e dedgddw 
- 4 - (5:35 
QJ иә 
0 28 m Ы) 
| JLi cos Q ow 
— sin? e e) dOdød w 

=O 0 "o 


Normalizing and integrating, again taking advantage of the narrow 


bandwidth to approximate the integration with respect to w, gives: 


d 
R', .(4,O ) E 
R——- A j cos wg (5.4) 





R'(0) C 
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Signal-to-noise power ratio (db) 
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° 180? 270 260° 450° DAE 


Element spacing (in degrees) 


0 90 


FIG. 22 --Five-element array, uniform spacing, signaleto-noise ratio 
as a function of element spacing; short dipoles with axes perpendicular 
to line of array; 0 db corresponds to signal-to-noise ratio on a single 
antenna, 
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where, again 





This normalized correlation coefficient is shown in 
Fig. 23. The signal-to-noise ratio (in db) of this array of 
short dipoles is plotted as a function of element spacing in 
Fig. 24. In this case, maximum of the signal-to-noise ratio 
is not pronounced and is only slightly greater than that which 
occurs when the noise is completely uncorrelated. This could 
be anticipated by observing in Fig. 23 the rapid decrease in 


magnitude of the correlation coefficient with element spacing. 
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Signal-to-noise power ratio (db) 
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Element spacing (in degrees) 


FIG. 24 -- Five-element array, uniform spacing, signal-to-noise ratio 
as a function of element spacing; short dipoles with axes parallel to line 


of array; 0 dd corresponds to signal-to-noise ratio on a single antenna. 
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